CHARACTER SHEAVES ON CERTAIN SPHERICAL 

VARIETIES 



XUHUA HE 

Abstract. We study a class of perverse sheaves on some spher- 
ical varieties which include the strata of the De Concini-Procesi 
completion of a symmetric variety. This is a generalization of the 
theory of (parabolic) character sheaves. 



Introduction 

0.1. Let G be a connected, reductive algebraic group over an alge- 
braically closed field k. In |L3j and |L4j . Lusztig introduced the (GxG)- 
varieties Zj^ y ^ and a class of G-equivariant simple perverse sheaves on 
Zj, y ,D which are called "(parabolic) character sheaves". (The precise 
definition of Zj y ^ can be found in 1.2 below). The varieties Zj^ y ^ in- 
clude as a special case the group G itself. In this special case, the "(par- 
abolic) character sheaves" on G are just the usual character sheaves on 
G introduced by Lusztig in |Llj . The varieties also include more or 
less as a special case the boundary pieces of the De Concini-Procesi 
compactification of G (where G is adjoint). 



0.2. We now review |L3j and |L4j in more detail. 

For Zjy^, there exists a finite partition into some smooth, G-stable 
subvarieties which we call G-stable pieces. This partition is based on 
some combinatorial result of Bedard (see 2.2). The G-orbits on each 
piece are in one-to-one correspondence with the "twisted" conjugacy 
classes of a certain (smaller) reductive subgroup L. Furthermore, there 
is a natural equivalence between the bounded derived category of G- 
equivariant, constructible sheaves on that piece and the boundary de- 
rived categories of L-equivariant (for the twisted conjugate action), 
constructible sheaves on L. 

To each character sheaf on L, one can associate a G-equivariant 
simple perverse sheaf on the G-stable piece and call it a character sheaf 
on the G-stable piece. This provides the "local picture" of the theory 
of parabolic character sheaves. By imitating the definition of character 
sheaves on the group, one can obtain certain simple perverse sheaves 
on Zj )V> d and call them character sheaves on Zj^d- This provides the 
"global picture" . 



2000 Mathematics Subject Classification. 20G99. 
The author is supported by NSF grant DMS-0111298. 

1 



2 



XUHUA HE 



Lusztig proved the following property: 

Let i be the inclusion of a G-stable piece to Z JyD) then 

(1) for any character sheaf C on Z^ yD , any perverse constituent of 
i*(C) is a character sheaf on that piece; 

(2) for any character sheaf C on that piece, any perverse constituent 
of i\(C) is a character sheaf on Zj,y,D- 

As a consequence, the character sheaves on Zj^ t o are just the per- 
verse extensions to -^j i3/ ,d of the character sheaves on G-stable pieces. 

These results were also proved later in |Sp2| and (H2j in some differ- 
ent way. In all these proofs, some inductive methods based on Bedard's 
result were used. For more details, see the introduction of jH2j . 

0.3. Let r be an involution on G and G T be the r-fixed point subgroup. 
In this paper, we study (under a mild assumption on the characteristic 
of k) a class of G r -equivariant simple perverse sheaves on varieties 
Xj )T which we call "(parabolic) character sheaves". The varieties Xj T 
are defined in 3.5 and include the varieties Zj^ y>D as some special cases. 
They also include as a special case the strata of the De Concini-Procesi 
compactification of the symmetric variety G/G T (hence the symmetric 
variety G/G T itself). For more details, see 3.30 and 3.31. 

0.4. To achieve this goal, the first thing we need to do is to find a 
partition of Xj }T which is analogous to the partition of Zj y ^ into te- 
stable pieces. We call it the partition of Xj r into G r -stable pieces. 
However, there is no results in our general setting that is analogous to 
Bedard's result. Hence we need to find a different approach. 

The idea is to relate the variety X Jr to certain Zj tVtD . In the spe- 
cial case where Xj yT = G/G T , we can identify G/G T with the identity 
component of G LOT , where i is the inverse map on G (see |Gi| 3.3.0]). 
This result can be easily generalized. Namely, we can identify Xj jT 
with certain irreducible component of Zfy D , where i is the "inverse" 
map on Zj y ^ (see 3.5). 

Moreover, lot maps an G-stable piece in Zj^d to another G-stable 
piece. This is what we will show in section 2. Although this result is 
not needed to establish the partition of Xj jT , it serves as motivation 
for it. Namely, it suggests that the G T -stable pieces might be the 
irreducible components of the intersections of Xj r with the G-stable 
pieces in Z J>y;D . 

In fact, this is the right definition. (Certainly we need to show that 
each connected component of the intersection is irreducible and we 
need to know when the intersection is nonempty and what are the 
components, etc.) Actually, in 3.21 we will define the G r -stable pieces 
in an equivalent way that doesn't involve the G-stable pieces in Zj ty ^. 

In section 3, we will also prove some results on the structure of te- 
stable pieces (see 3.26 and 3.28) and show that the G T -orbits on each 
G T -stable piece are in one-to-one correspondence with the L Tl -orbits 
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on L/L T2 , where L is a (smaller) reductive group and ti,t 2 are two 
involutions on L (see 3.29). 

0.5. Based on these results, we can establish a natural equivalence be- 
tween the bounded derived category of G r -equivariant, constructible 
sheaves on that piece and the boundary derived categories of L T1 - 
equivariant, constructible sheaves on L/L T2 (see 4.14). 

Hence we obtain the "local picture" in the same way as in 0.2. The 
"global picture" is obtained by imitating Ginsburg's definition of char- 
acter sheaves on symmetric varieties in |Gij . There is also a character- 
ization of character sheaves using Ginsburg's Harish-Chandra functor. 
This characterization will play an essential role in our proofs of the 
properties analogous to those in 0.2. 

Finally, in section 5, we generalize Lusztig's functors ej and fj, and 
prove some properties. 

Acknowledgement. We thank J. F. Thomsen for carefully reading 
the first version of the manuscript and some helpful suggestions. We 
also thank P. Deligne, G. Lusztig and D. Vogan for some discussions. 

1. The G-stable pieces 

1.1. Let B be a Borel subgroup of G, B~ be the opposite Borel sub- 
group and T = B H B~ . Let (aj)j e / be the set of simple roots. For 
i G /, we denote by Si the corresponding simple reflection. For any 
element w in the Weyl group W = N(T)/T, we use the same symbol 
w for a representative of w in N(T). We denote by supp(w) C / the 
set of simple roots whose associated simple reflections occur in some 
(or equivalently, any) reduced decomposition of w. 

For J C I, let Wj be the subgroup of W generated by J and 

W J = {w G W; w = mm(wWj)}, J W = {w G W; w = min(Wjw)}. 

For J,K C I, we write J W K for J W fl W K . 

Let $ + be the set of positive roots in G and $j be the set of roots in 
Lj. Set $j = $jn$ + . Let Pj D B be the standard parabolic subgroup 
defined by J and Vj be the set of parabolic subgroups conjugate to Pj. 
Let Pj D B~ be the opposite of Pj. Set Lj = Pj fl PJ . Then Lj 
is a common Levi subgroup of Pj and Pj . Let ttj : Pj — > Lj be the 
projection map. 

For any parabolic subgroup P, we denote by Up its unipotent radical. 
We simply write U for Ub- For J C /, we simply write Uj for U fl Lj 
and Bj for BnLj. 

For J, K C I, P G Vj, Q G V K and u G J W K , we write pos(P, Q) = 
u if there exists g G G, such that 9 P = Pj and 9 Q = u Pr- 

For any closed subgroup H of G, we denote by Lie(if ) the corre- 
sponding Lie subalgebra and denote by the image of the diagonal 
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embedding of H in G x G. For any subgroup H and g G G, we write 
for c/P^ 1 . 

For each root a, we denote by u a the one- dimensional subspace in 
Lie(G) that corresponds to a. 

If 9 be an automorphism on G with #(T) = T, then 6 1 induces a 
bijection on the set of roots and an automorphism on W . By abuse of 
notation, we use the same symbol 9 for the induced maps. We also use 
the same symbol 9 for the induced map on Lie(G). 

For a group, we use i for the inverse map. For an automorphism / 
on a variety X, we write X* for the fixed point set. 

1.2. Let G be an algebraic group with identity component G and D 
be a fixed irreducible component of G. By the conjugation of Borel 
subgroups and maximal tori we may find an element go G D such that 
g D normalizes B and T. Set 5 = Ad(g D ). 

Let J,J'cI and y G J 'W 5iJ) be such that y8(J) = J'. For P G Vj, 
P' G Vj>, define ^(P, P') = G D | pos(P',3p) = y y Define 

= {(P,P',7); P e Pj,*" e TV, 7 e t/p-W^-^')/^} 

with G x G-action defined by (g t , g 2 )(P, P',j) = {<»P^P' ,g xl g 2 l ). 

By jLU 8.9], A,, D (P, P') is a single P', P double coset. Thus GxG 
acts transitively on Zj }Vi d- Set 

hj, y ,D = (Pj, y Pj',Uy-i Pjf g D U Pj ) G Z J: y tD . 

We call /ij^D the base point for the G x G-action on Z J>y;D . Now we 
may identify Zj^ yD with (G x G) i -i p / xPj g D Lj where ^ Pj/ x Pj acts 

on G x G on the right and acts on goLj by (p,p') ■ gr>l — V9d1^j{j> ! ) 1 
for p G ' Pj/, p' G Pj and I G Lj. Here p is the image of p under the 
map y~ l Pj, - i- 1 P J ,/U i - lpji = L S(J) . 

1.3. For w G W^ (J) , set J( J, iu, 5) = max{K C J'; w<5(K) = K} and 

Zj tV ,D;w = Ga(Bw, B)hj )y>D . 

The varieties Zj^^. w are called the G-stable pieces in Zj !V} d. They 
were introduced by Lusztig in |L4j . 

The following properties can be found in |L4| section 8] and [HI, 
section 1]. 

(1) Zj,y,D = \_\ w&w s(j) Z JtV:D . w . 

(2) The map G x (P^j^w, Pi{j, w ,s))hj^ D -> Zj, v ,d defined by 
(g, z) i — > (g, g) ■ z induces an isomorphism 

{Pl(J,w,8)W, Pl(J,w,S))hj t y,D, 

where the group Pi{j >w ,s) acts on the right on G and acts diagonally on 

(Pl(J,w,6)W, Pl(J,w,6))hj,y,D- 
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(3) The map 

{ U PHJ, W ,6) \UjUpj)) X L I(J,w,5)W -> (Pl(j, w ,S)W, Pl(j, w ,6))hj iy ,D 

defined by (u, z) t— > (wz, 1) • ft-j^c is an isomorphism. 

(4) The map Ljrj sV) ^w — > Zj^ yD defined by z i— > (z, 1) • h Jy ^ D induces 
a bijection from the set of L/^^-orbits on Li(j iW) s)wgj} to the set of 
G-orbits on Zj >y ^ w . 

2. The inverse map and the G-stable pieces 

2.1. Let D be a connected component of G. For the connected com- 
ponent D^ 1 of G, we choose g^-i = gjf. As in|L2| 28.19], we define 
the map 

9 '■ Zj,y,D Zji^ y -\ D -\ 

by d(P, Q, 7) = (Q, P, 7 _1 ). We call d : Zj^d — > Zji ^-i,^- 1 the inverse 
map. 

If J = / and y = 1, then Zj tV ^ = D and 9 is just the restriction to 
.D of the inverse map on G. 

In Proposition 2.5, we will show that d maps the G-stable pieces in 
Zj,i,d to the G-stable pieces in Zgrn 1^-1. 

2.2. In this subsection, we reformulate Bedard's description of W 5 ( J \ 
The description below is slightly different from |L3t 2.2]. (In fact, the 
sequence (J n jW n ) n ^o below corresponds to the sequence (J n ) w n 1 )n>o 
in loc.cit.) 

Let T( J, 5) be the set of all sequences ( J n , w n ) n ^ where J n C I and 
w n G W such that 

(1) Jo = J, 

(2) J n = J n _! n r^nVn-i) for n ^ 1, 

(3) w n G Jn W 5 ^ and w n G W Jn _ x w n _x for n > 1. 

For each sequence ( J n , ty n ) G T( J, 5), we have that J m = J m +i — ■ ■ ■ 
and w m = w m+ i = ■■■ for m > 0. By [L3, 2.4 & 2.5], w m G W /<5(J) for 
all m ^ and the map T( J, 5) — > defined by ( J n , w„) n ^ >— »■ w m 

for m ^> is a bijection. Moreover, by |H1| 1.4], J m = I(J,w m ,5) for 
m > 0. 

2.3. To ( Jn, u>n)ri^o G T(J,5), we associate a sequence (K n ,v n ) n ^o 
with K n C I and v n eW. We set 

if = <$(</), ^0 = ^cT 1 - 

Assume that n ^ 1 and that ZT m , already defined for m < n. 

Let 

K n = K n _in5(^ n _i), 
^ = {8 n {v Q )5 n - l {v x ) ■ ■ ■ S(v n ^))~ l 5 n (w- 1 )(S n - 1 (v )5 n - 2 (v 1 ) ■ ••^ n _ 1 ). 
This completes the inductive definition. 
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Lemma 2.4. We have that (K n ,v n ) n ^ G T(5(J),5^ 1 ). 
Proof. We show by induction onn^O that 

(a) K n = {5 n (v )5 n - 1 (v 1 )---5(v n _ 1 )y 1 5 n+1 (J n ). 

For n — 0, (a) is clear. Assume now that n > and that the 
statement holds when n is replaced by n — 1. Then 

#„-i = (a n ->o)^->i)---*K-2))~>(J„-i) 

= (<5> )5 n ->i) • • • 5K-i))" 1 5 n K-i)- 1 <J n+1 (j n ) 

and 

ir n = K n _! n 5(^ 1 K n _ 1 ) 

= (^(uo)^ -1 ^) • • ^K-i))" 1 ^ 1 ^- 1 ^!^-!) n J n _0 

= ((T^o)^- 1 ^) • ••%-i))" 1 (5 n+1 (J n ). 
(a) is proved. 

By definition, w G K °W S ~ 1{K °\ 

Let n ^ 1. By definition, w n G J "W s( - Jn \ w n ~i G J ™-i]/l/ <5 ( J ™-i) and 

(b) w n <f($£) = jj n $+ c ^-^(^.J n $+ 

= $j„. 1 n$ + = $J i _ 11 

(c) <WJ = w?(* Jn ) n $ + c < 1 (^ n _ 1 ) n $ + 

= ^n-i(^- 1 )n$ + = ^ 1 ($X_ 1 ). 

From (a) and the definition of v n , we deduce that 

(d) vJ-^+J = ^(.o)^ 1 ^)...^^))- 1 ^^ 1 ^^!), 

(e) v-\^J = {5 n -\v )5 n -\v l )---v n ^y 1 5 n (w n )5 n+1 (^J. 
From (c) and (d), we see that 

= (^- 1 (^o)5"- 2 K)---5K- 2 ))-V($l_ 1 ) = 

From (b) and (e), we see that 

Using induction method, we deduce v' 1 ^^ ) C $ + for all n ^ 0. 
Therefore v n G 
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Let n ^ 1. By definition, 

*K_i) =(5 n (^ )5 n - 1 K)---5 2 K- 2 ))" 1 5 n K-i)" 1 

Thus 

(f) ^ =(5 n ~ 1 (^o)5"- 2 (^i) • ■•5{v n - 2 ))~ 1 8 n (w n -iw- 1 ) 

(S n -\v )5 n - 2 ( Vl )---v n ^). 

Notice that u^-iw" 1 G M / j n _ 1 . By (a), v n G W^.^n-i- □ 

Proposition 2.5. Define a map tj^ '■ W 5 ^ W J by sending the 
element w G W 5 ^ corresponding to (J n ,u) n ) n ^o to the element in W J 
corresponding to (K n ,v n ) n ^ - Then d(Z JXD . w ) = Z S (j hljD -i. ejs ( w) . 

Proof. For n ^ 0, set 

x n = (<5>o)<5"->i) • ■■5{v n - 1 )Y 1 8 n+1 {w n w- 1 ) 
(S n (v )S n - 1 (v 1 )---S(v n _ 1 )). 

Since G W Jn) then x n G W 7 ^. Therefore l(x n v n ) = l(x n ) +l(v n ) 

and l{vj- l {x n )) = l(v n ) + l{x n ). By 2.4(f), 

z„v„ = (5 n (v )5 n - l ( Vl ) ■ ■■5(v n _ 1 )y 1 5 n+1 (w n w- 1 )(5 n (v )5 n -\v 1 ) ■■■v n ) 
= ^ +1 (5"(^o)5 n - 1 (^ 1 ) • • •t; n )" 1 5" +1 K +1 «;- 1 )(^(t; )^- 1 (t; 1 ) • • • v n ) 
= v n+1 5~ 1 (x n+1 ). 
By definition, 

d(Z JAtD;w ) = d(G A (Bw, 1) • hj^ D ) = G A (l,Bw) ■ h 6{J) ^ D -i 

= Ga^w^B, 1) • h 5 (j) jliD -i = GaBa^w^B, 1) • h S {j) XD -i 
= G A (Bv 5' 1 (x )B, 1) • h S (j) t i 7 D-i. 
For n > 0, 

GA{Bv n 5~ l (x n )B, 1) • h S (j),i tD -i = G A (Bv n B5~ 1 (x n )B, 1) • h S (j) XD -\ 
= G A (Bv n B, Bx^B) ■ hs(j),i >D -i = G A (Bx n Bv n B, 1) • h 5 {j),i, D -^ 
= G A (Bv n+1 6~ 1 (x n+1 )B, 1) • h 5{ j ):liD -i. 

Therefore d(Z JiljD . w ) = GA{Bv n 8~ 1 (x n ), 1) • h S (j),i tD -i for all n ^ 0. 
In particular, 

d(Z Jtl:D . w ) = G A (Be Jt s(w),B) ■ hs^^^-i = Z s ^j)^ D -i. ej ^ w -). 

□ 

Notice that d o d(Z Jj i jD;w ) = Z JjljD;w . We have the following conse- 
quence. 
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Corollary 2.6. The map e^j^-i oejj : W s( - J ^ — > zs £/ie identity 

map. 

The following corollary gives another characterization of the map 

Corollary 2.7. For each w G W 5<K ' J \ there exists a unique element in 
W J which is of the form S^x^w^x for some x G Wj. This element 
is just e J>s (w). 

Proof. The existence of the element follows from the proof of Propo- 
sition 2.5. We prove the uniqueness. Assume that 5(x)~ 1 w~ 1 x G W J 
for some x G Wj. Then 

(5(x)~ 1 w~ 1 x, 1) • h S (j) !l>D -i G Z 5 (j )jltD -i. 5 ( x) -i w -i x . 

On the other hand, 

(S(x)~ 1 w~ 1 x : 1) • h s{J):hD -i = (S(xy 1 : S(xy 1 )(w~ 1 x : S(x)) • h s{J) ^ D -i 

eGi^lj'V),!,^ Cd(Z Jtl ,D;w) 

= Z S (J),l,D-i;ej, s (w)- 

Hence <5(rr) _1 -u7 _1 :r = ejj{w). □ 

In general, d doesn't map a G-stable piece in Zj :VjD to a G-stable 
piece in Zj/ y -i D -i. However, we have a modified version which will be 
stated in the end of this section. 

Lemma 2.8. Let x G W and L be a Levi of some parabolic subgroup 
of Lj with X9D L = L. Then there exists w G W 5( - J \ such that 

(Lx, 1) • hj jV:D C Z J: y jD . w . 

Proof. We define by induction on n a sequence (J n ,u) n ,u n ) n ^o as 
follows. 

We write x as aS(b) for a G W s( - J ^ and b G Wj and set 
Jo = J, Wq = rain(Wja),UQ = baw^ 1 . 
Assume that n > and that J„_i, tu n -i, are defined. Let 

Jn = Jn-1 n J„_l). 

Write M„_i«) n _i as iu^uJJ for u/ G W^- 7 ™) and -u^ G W Jn . Set 

w n = miii(Wj„u£),u n = u' n w' n w~ l . 

This completes the inductive definition. 
We show that 

(a) w n G J "W 5{Jn) for n ^ 0. 
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Let y = mm(W Jn w n W 5{Jn) ). Now w' n G W Jn yW S ( Jn ) and w' n G 
W S W. By [L3, 2.1(b)], w' n G W Jn y. Notice that w' n G lfj„w n and 
w n ,y G "^W. Then w n = y and (a) follows. 

(b) w n G Wj^iOn-i for n ^ 1. 

By definition, w^^i G VPj^tu":^ C Wj n iV-iWn-i^^«) w "-i- 
Since u„_i G W / Jn _ 1 and J„,w n _ x 5(J n ) C J n _i, we have w n w^i e 
and (b) follows. 

( c ) (L n ,U> n ) n ^o 

eT(J,5). 

This follows from (a) and (b). 

For n ^ 0, set L n = ( u ™ u ™-i"' u i) 6 L. We show by induction onn^O 
that 

(d) u„w„g D = ^ 

(e) (Lx, 1) • h Jt%D C G A (L n u n w n , 1) • /ij^o- 
For n = 0, u ° w °9d Lq = ba5(b) 9DL = b^xg DL ^ = Lq and 

(Lx, 1) ■ h J>y>D = (La, b~ l ) ■ hj tV:D C G A (bLa, 1) ■ fo Jj2/iD 
= Ga(L w wo, 1) ■ h J} y iD . 

Assume now that n > and that (d) and (e) hold when n is replaced 
by n — 1. Then 

u n w n g D t _ u' n w' n 8(u' n )g D t _ u' n (u n -i1v„-ig D r \ _ u' n r r 

J -'n — J-'n—l — V J -<n— 1) — ^n— 1 — -"nj 

(Lx, 1) • hj t y )D C GA^n-i^J,, K)" 1 ) • hj^ D = G A (^L n _!^, 1) • /i Ji3/jD 
= G A (L n u n w n} 1) • 

Thus (d) and (e) are proved. 

By (c), there exists m > such that w m G W /<5( ^ J \ w m G Wj m and 
w m S{J m ) = J m - By .S3 Lemma 7.3], u m = ^(w^d)^ 1 ^™^) -1 for 
/i G L Jm and Z 2 G L Jm n 5. Set L' = ^L m . Then 1 ^ 9 d L > = L > an d 

(Lx, 1) • C G A (L m u m w m , 1) • ^j )2/ ,i? = G A (L m lil 2 w m , li) ■ hj !y> D 

= G A (L'l 2 w m , 1) ■ h JjVjD = G A (L / A ((L / n B)l 2 w m , 1) ■ fcj ltf) r>) 

C G A (Bw m , 1) • = Zj t y t D;w m - 

Proposition 2.9. Lei a fre an involution on G with cr(gD) = gf) 1 and 
cr(Pj) = y 1 Pji . Define the map a : Z Jty>D — > Zj> y -\ D -\ by 

<r(P,Qn) = (<r(P)MQ)M7))- 
Then there exists a map p : W*W -> W^- 7 ) sitc/i that 

for all w G W s ^ . In particular, p o p = id. 
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Proof. We have that doa(Zj >y! £)) = Zj y>D and doa{h J>y ^ D ) = hj^o- 
Then 

d o a(Zj t y }D . w ) = do (t(Ga(wLs(i(j,w,s))), 1) ■ hj^s) 
= G A (a(L S (i( JtWt s)))a(wy 1 , l) ■ h J)y>s . 

Notice that 

<r(w) 9D cr(Ls(i(j tW: s))) = a( w 9d Ls(i(j iW) s))) = v(Ls(i(j,v>,S)))- 
By Lemma 2.8, there exists a map p : 

\yS{J) _> iy 5 ( J ) such that such 

that d o a{Zj tVi D;w) C Zj^ t D-,p(w)- 

Then 9 o alZj^r,.^)) C Zj t y jD . >pQp ( w y Since (9 o a) o (9 o tr) = id, 
9 o a{Z j^ D . p {yj)) C Z JiyjD . w . Therefore d o a{Zj^ D;w ) = Zj^ D . p ^ and 
po p = id. □ 

3. The G ct -stable pieces 

3.1. From now on, we assume that the characteristic of k is or 
sufficiently large. Let a and r be involutions on G with cr(T) = r(T) = 
T and o~t(B) = B. Set G = Gx < err >. Then er, r acts on G by 

a(g, (or)") = (afo), H») = (er(s), (err)-), 

ra/ > (ar)») = (r07),( ( 7r)-»). 

Let -D = (G, err). Then D is a connected component of G and 
cr(D) = D^ 1 . Set g>£) = (l,err). Then <j(go) = <7d ■ As in 1.2, we use 
the symbol 5 for the induced maps of err on $, / and W. 

3.2. Let J G I with t(Lj) = Lj. Then a(Pj), Ps(j) = crr(Pj) have a 
common Levi. Let J' G I and y G ^W^W be such that cr(Pj) = v 1 Pj>- 
By P 2.8.7], we have that yS(J) = J'. 

Recall that L L J T = {I E Lj;r(l) = l^ 1 }. Define the Pj-action on 
G x Lf by p ■ (g, I) = {gp' 1 , 7r J (p)/r(vr J (p))- 1 ). Let G x Pj Lf T be the 
quotient space. In Proposition 3.4, we will show that G x Pj Uj T can 
be identified with certain subvariety of Zj tVj D- Before doing that, let 
us recall the following result (see [SH page 26, lemma 4]). 

Lemma 3.3. Let H be a closed subgroup of G and $ : X — > G/H be 

a G-equivariant morphism from the G-variety X to the homogeneous 
space G/H. Let E G X be the fiber $ _1 (iJ). Then E is stabilized by 
H and the map : G x H E — ► X sending (g,e) to g ■ e defines an 
isomorphism of G-varieties. 

Now we prove the following result. 

Proposition 3.4. The map G x L L J T — > Zj y £, defined by (g, I) i— > 
{°~{9)i9l) ' hj,y,D induces an isomorphism 

J LOT r-u ryioa 

LrX Pj L J = Z J,y,D- 
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In particular, Zfy D is irreducible if and only if L L J T is irreducible. 

Remark. This result is inspired by |SpH 2.3]. 

Proof. Define a G-action on Zj jVj d by g-z = (o~(g), g)-z. Then Zf^ is 
stable under the action. The G-equivariant morphism Zj y ^ — > G/Pj 
defined by (P,Q,p) t— > P induces a G-equivariant morphism 

$ : Z^n - G/Pj. 

If (g', g) ■ h j tV ^D G 3> -1 (-Pj)> then g = lu for some I G Lj and u EUp } 
and (g', g) ■ h Jiy>D = (a(g), a{g')) ■ h Jty>D = (1, a^T^y 1 ) ■ h J: y tD . Thus 
a(g') G Pj. Write a(g') as l'u' for V G Lj and u' G C/ Pj . Then 

(g',9) ■ h,i ViD = (<r(l'),l) ■ hj )V ^ D = (l,Zr(Z') -1 ) ■ Zij j2/ ,o, 

(X^O^O')) • ^J,»,-D = (o-(l)J') ■ h J: y jD = (1,/V(/) _1 ) • h J>ytD . 

So /r^') -1 = r(ZV(/)- 1 )- 1 and $- x (Pj) = (l,^ OT ) • hj^ D . Now the 
proposition follows from Lemma 3.3. □ 

3.5. By |Gi[ Lemma 3.3.0], the "Lang map" I t— > Zr(Z) -1 gives rise 
to a Lj-equivariant isomorphism from Lj/L T j to the identity compo- 
nent of Lj OT '. Now define the Pj action on G x Lj/Lj by p ■ (g,z) = 
(9P~\ttj(p)z)- Let 

Xj )T = G X Pj Ljj Uj 
be the quotient space. Then by the identification of G x Pj L L j T with 
Zfy D) we may identify X Jr with the irreducible component of Zfy D 
that contains hj^ D . 

We can also naturally identify Xj r with G/UpjUj. In particular, G 
acts transitively on Xj jT . 

3.6. Examples. (1). We write G = GxG,T = TxT,B = BxB. 
Denote by a the permutation involution {g,g') — > {g',g) of G. Let 
J C I and J = (J, J). Then X J(T = -Zji jG and the G°-action on X J o - 
is just the GA-action on Zj 1G . 

(2). Let a be an involution on G. Then = G/G a is a symmetric 
space. 

Proposition 3.7. LeZ # be an involution on G such that 9(T) = T. 
Then for each G 6 x B-orbit v on G, there exists x G v such that 
x- 1 6{x) G N(T). 

See jRSj Theorem 1.3] for the special case where 9(B) = B and |Spl[ 
3.5] for the general case. 

3.8. Let 9 be an involution on G with 9(T) = T. Let J G I with 
9{Lj) = Lj. Define 

J Jfi = {we W]g- 1 9(g) G B jW 9(Bj) for some g G Lj}. 

Set 

W(J, a, T ) = {we W S{J) ; w5(u) G «7 J><T for some u G J}, T }. 
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Proposition 3.9. Let w G W 5{J) . Then Z JtV%D . %VJ H X J)T ^ if and 
only if w G W( J, c, r) . 

Remark. // Zj^ D . w fl Xj T 7^ 0, £/ien Z Jy ^ w fl Zfy D 7^ 0. In other 
words, Loa(Zj^ D . w )C\Zj^ D - w ^ 0. By Proposition 2.9, ioa(Z Jty>D . w ) = 

Zj : y,D;w 

Proof. Let g G G and b G P with (g&u>, (?) ■ hj^o G Xj T . Then 

= {w~ 1 b~ 1 g~ 1 a{g), g' l a(g)a(b)a(w)) ■ hj, ytD . 

So w-^g- M9) e <t(Pj) and<TV(<?) G Pw(P/) = BwL^aiUp,). 
In other words, g~ 1 (r(g) G Bw5(u)a(B) for some w G W^j. By defini- 
tion, wS(u) G Ji>. 

By Proposition 3.7, we may write (7 as kxb' for /c G G" 7 , x G G with 
rr^o^rr) G w5(u)T and 6' G P. Notice that 

(kxBw, kxB) ■ hj >V: D = (kxw( w 1 P), kxB) • hj :Vj D 

= (ka(x)5(ur\ w ' 1 B),kxB) ■ hj, y>D . 

Thus 5(«)- 1 (-" 1 P), P) • n x JiT ^ 0. 

In other words, there exists 61 G w P, 6 2 G P and p E G, such 
that 62) • ^j,j/,d = • hj :Vt D- Hence fe^P g Pj and 

p G Pj. Therefore b\ G 5(m)<j(p)(j(Pj) = a(Pj). Write 61 as b\ = lb[ 
for / G £<s(j) and b[ G Po-(Pj)- Then it is easy to see that I £ w 1 B. 
Since u> G W 5{J \ I G L 5(J) n P. Therefore 

(5(m) _1 6i,6 2 ) • = (l,b29D 1 l~ ls ( u )9D) ■ hj,y )D G (l,Bu) ■ hj, VtD 

(a(p),p) ■ hj^ D = (l,7r J (p)r(vrj(p))~ 1 ) • hj tD . 

Therefore, 71j(p)t(t:j(p))~ 1 G Bur(B) and u G J7j r . Hence u> G 
WUo.v). 

On the other hand, assume that u G Wj with u>c>(-u) G Ji }C and 
m G Jj jT . Then by Proposition 3.7, there exists x E G with rr^c^rr) G 
w5(u)T and y E Lj with y _1 T(y) G wT. Then 

(cr^y -1 ),^ -1 ) • = (x,a;)(a;~V(a;),i/" 1 r(i/)) • /i JiW)£) 

G (x,x)(w5(u)P>T) • /i J>WiD 

= (x,x)(wT, 1) • /ij^d C Zj tV , D . w . 

Thus Z JiJ/)D . w n X JjT ^ 0. □ 

We can see that for w G W( J, cr, r), the elements u G W^j such that 
w5(u) G X/ iCr and u G Xj jT may not be unique. We will study W( J, cr, r) 
in more detail and show that there exists a "distinguished" element u 
for each w G W( J, cr, r). 

Lemma 3.10. Lei x, w G W^ J \ w G H^j and -y G W^j). i/supp(f) = 
5(supp(w)) and wv = ux, then u G Wj^j tW ^y 
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Proof. Let ( J n , w n ) n ^ be the element in T( J, 5) that corresponds to 
w. By 2.2, it suffices to prove that u G Wj n for n ^ 0. 

We argue by induction on n. For n = this is clear. Assume now that 
n > and that (a) holds when n is replaced by n — 1. Write -u as a& for 
a G W 7 ^) and b G 5 ( J ")Wn W^j^) and x as x = cd for c G M / j n _ 1 and 
g? G J ™- 1 H^ 5< - ,7 - ) . Then w n _\V = (w n _iaw~\)w n _ib, where w n _iaw~}_ l G 
W Jn-1 and w n _i& G Jn ~ l W . Thus G Wj n _ x w n - X v = Wj^Wn^b 
and -ua; G Wj n _ x d. Then w n -\b = d. Since d,w n -i G Vy 5 *^, we see that 
6=1 and i> G H^(j n ). By our assumption, u G M^j n . □ 

Lemma 3.11. Let w G l/F^- 7 ) and u G W^j. If cr(w) = 5(u) _1 iu -1 u, 
£/ien ur($/( J)t0itf )) = $i(j, w ,s)- 

Proof. Since w8(I(J,w,5)) = I(J,w,5), there exists a bijection 

p : /(J, u>, 5) — > /(J, w, 5) 

such that was(j) = cx p Q) for each fc G I(J,w,S). 

Applying a on both sides, we have that 5(u)~ 1 w~ 1 ua(as(j)) = a{a p ^). 
Hence 

UT(aij) = ua(ag(j)) = w5(u)a(a p (j)) = w5(uT(a p (j))) . 

Then 

Y UT ( a j) = w6 ( Y MT («i))> 

J,w,S),ur(aj)>0 j£l(J,w,6),UT(ctj)>0 

Y ur ^ = w5 ( Y uT ( a o))- 

j &I (J,w,5) ,ur(aj)<0 j£l(J,w,d),ur(aj)<0 

Assume that 

Y UT ( a i) = Y aiCXi > 

j£l(J,w,8),UT(otj)>0 ieJ 

Y UT(aj) = ~Y b i a i- 
jeI(J,w,5),UT(otj)<0 ieJ 

Since w G W s( - J \ then w5{i G J; a* ^ 0} = {i G J; a, ^ 0} and 
w5{i G J; 6j ^ 0} = {i G J; ^ 0}. 

Moreover, for each j G I(J,w,5), ur(aj) is a linear combination of 
a, with aj 7^ or 6j 7^ 0. Thus the vector space spanned by ur(aj) 
for j G I(J,w, 5) is a subspace of the vector space spanned by a, with 
a; 7^ or bi 7^ and the cardinality of {i <E J;a>i ^ 0, or bi ^ 0} is 
larger than or equal to the cardinality of I(J, w, 5). 

By the definition of I(J, w, 5), we have that I(J, w, 5) — {i G J; Oj 7^ 
0, or bi 7^ 0}. Therefore, the vector space spanned by ur{aj) for j G 
I(J,w,5) equals the vector space spanned by at for k G I(J,w,5). 
Hence ut(^j^ W) s)) = ®i(j, w ,8)- The lemma is proved. □ 
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Lemma 3.12. Let 9 be an involution on G with 9(T) = T. Let K C I, 
w G W with w9(<5>+) = $+. If g- 1 9(g) G P K w9(P K ). Then there 
exists I G Lk, such that (gl)~ 1 9(gl) G Bw9(B). 

Remark. This result is due to J. F. Thomsen by private communica- 
tion. 

Proof. Set 9' = Ad(w) o 9. Then 9' is an automorphism on G. 
By our assumption, 9\Lk) = Lk and 9\E>k) = Bk- We have that 
g~ 1 9(g) G Up K l\w9{Up K ) for some h G Lk- 

By j2B Lemma 7.3], the map L K x B K — ■> L K defined by (7, b) \— > 
l~ 1 b9'{l) is surjective. Thus l~ x l\9'(l) G B K for some / G L K . Hence 
(gl)- l 9(gl) G U Pk B k w9{U Pk ) C Bw9(B). The lemma is proved. □ 

Corollary 3.13. For w G W(J, a, r) ; i/iere exists a unique element 
u G Hj stxc/i that ut(§+ (JwS) ) = ^ JjWjS y w8(u) G Jp a and u G J J)T . 

Proof. Let a G Wj with u>5(a) G J7/ )(T and a G J7j jT . Then r(a) = a -1 
and cr(w5(a)) = (w5(a))~ 1 . Hence a{w) = 5(a)~ 1 w~ 1 a. By Lemma 
3.11, ar($ /( j >tUi5) ) = $i(j, w ,6) Now write a as a = bu for b G W/^^ 
and m G H^j with «r($+ Wtt>a) ) C $+. Then «r($+ (J(W>a) ) = ^ WW)<5) - 

By assumption, there exists g & G such that g~ 1 cr(g) G Bw8(a)a(B). 
Notice that 

urf(uM$+ (J>ttii) ) = ^M$/ WW)<5 ))) = w8{$+ (J)WyS) ) = $t(W 

Thus wa(a) G W/(j itUj(5 )w5(w) and g~ 1 a{g) G Pi(j, w ,5)w5(u)a(P I{JjW:5) ). 
By Lemma 3.12, there exists / G Lr(j )1Ul <$), such that (gl)~ 1 a(gl) G 
BwS(u)a(B). In particular, w5(tt) G J} >cr . 
Similarly, w G J7j iT . The existence is proved. 

Now we prove the uniqueness. Assume that Ui,u 2 G Wj with 

U l T (®t(J,w,6)) = U ^1{J, W ,S)) = ®t(J,w,S) and °"H = 5{uiY l W- l Ul = 

5(u 2 )~ 1 w^ 1 u 2 . Set v = u\u 2 x . Then vw = w5(v). By Lemma 3.10, v G 
W7(j,«,,5)- Notice that u x = vu 2 and uit($+ {Jw&) ) = u 2 t($+ {JwS) ) = 
$jr Jw S y Then v = 1 and «i = «2. The corollary is proved. □ 

3.14. Unless otherwise stated, we fix w G W( J, cr, r) in the rest of this 
section. We will simply write I(J,w,5) as K. Let u be the unique 
element in Wj with ut($ k ) = G J// ;Cr and m G J7j jT . Set 

= {g G G-^^aig) G P A 'W<5(V)cx(Pk)}, 

= {/ g l j; rV(0 g (p x n Lj)ut(p k n a,)}. 

Let f 1 be a G" 7 x P^-orbit on G w and t>2 be a x (P# n Lj)-orbit 
on L w . 

Notice that w5(u)a(<$> K ) = <$> K , By Lemma 3.12, there exists g G V\ 
with g~ 1 cr(g) G BwS(u)B. By Proposition 3.7, there exists X\ G t>i 
with arT/V^i) G w8(u)T. Similarly, there exists x 2 G t>2 such that 
x 2 r(x 2 ) G mT. 
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Set a' = Ad(a;^ u(xi)) o a and r' = Ad(x 2 r(x 2 )) o r. Then a' is an 
involution on G, r' is an involution on Lj and (j'{Lk) = t'(Lk) = Lk- 
Moreover, x\G a ' x\ 1 = G a and x 2 L^X2 1 = L T K . 

Set H = P K n t'(P k ) n Lj. Then U H = U Pk n r'(f/ P J n Lj. 

Proposition 3.15. Keep the notation of 3.14- Then 
nj(G°' nP K )L K L T J = HL T J. 

The proof will be given in 3.20. The key point is to show that 
certain equations on U have common solutions (see Lemma 3.19). We 
use the exponential map exp : Lie(U) — > U to reduce this problem to 
the problem of solving certain equations on Lie(U). (Here we use the 
fact that exp is an isomorphism when the characteristic of k is or 
sufficiently large.) 

The equations on Lie(U) that we need to solve are nonlinear equa- 
tions. We will use "linear approximation" to solve these equations. We 
will provide the setting for "linear approximation" in Lemma 3.16 and 
we will prove the existence of common solutions for the linear equations 
in Lemma 3.17. 

Lemma 3.16. Set 

u = Ue(U H ) = (Ue(U Pl< ) n Lie(Lj)) n T'(Ue(U Plc ) n Lie(Lj)). 

Define u n = [u , u n -i] f or n > and u' n = u n ® Lie(L r p / ) for n ^ 0. 
Then 

(1) u n+ i C u n and u' n+l C u' n for all 0. 

(2) [u' ,u' n ] C u' n+1 for alln^O. 

(3) u n = {0} and u' n = Lie(U Pj ) for n > 0. 

(4) r'{u n ) = u n and a'(u n ) C u' n for n ^ 0. 

Proof. We prove (1) by induction on n ^ 0. We have 
[Lie(C/ P J n Ue(Lj),Ue(Up I(Jw S) ) n Lie(Lj)] C Ue(Up K ) n Lie(Lj). 
Thus u\ = [u ,u ] C Lie(Up K ) fl Lie(Lj). 

Similarly, ui C t' (Lie(Up K ) flLie(Lj)). Hence U\ C Assume now 
that n > and w n C m„_i. Then u n+1 = [u ,u n ] C [uo,u„-i] = 
From definition, we deduce that C -u^. 

We prove (2). By definition, 

u' n+1 = u n+ i © Ue(U Pj ) = [u ,u n ] © Ue(U Pj ) = [u' ,u' n ] + Ue(U Pj ). 

(3) follows easily from definition. 
We prove (4) by induction on n ^ 0. 
By definition, 

a,T'(a)e$+-$+ 

< = ( «.)©( «.)■ 
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Hence t'(uq) = u . Let a be a root with a, r'(a) G $j — then 

a' (a) = w8(u)a(a) = w5r'(a) G w5(§j - C $ + - 

If moreover, o"'(a) G $j, then = r'cr'(a) G $j. Since 

u> G W S ( J ) and a G $ + , we deduce that r'a'(a) G $j. Therefore 
o-'(mo) C Mq. 

Assume now that n > and that (4) holds when n is replaced by 
n- 1. Then 

r '( Mn ) = r'Oo^n-i]) = [r'(it ), r'(it n _i)] = [ito,Un-i] = «n, 

ff'K) = <r'(K,Mn-l]) = [(7'(w ),O-'(Wn-l)] C K,«n_i] C uj,. 

(4) is proved. □ 

Lemma 3.17. Keep the notation of Lemma 3.16. Let x G L K with 
a'(x) = x" 1 . Set a' = Ad(x) o a'. Then for each a G u n with r'(a) = 
—a, i/iere exzste b E u' n such that <j'{b) = b and rrj(b) — r'injib)) = a. 

Proof. We show that 

(a) For any n ^ 0, Ad(x)u' n = u' n . 

We use induction on n. Notice that x G Lk and t'(Lk) = Lk- Then 

Ad(x) (Ue(Up K ) n Lie(Lj)) = Ue(U Pl(Jw S) ) n Lie(Lj), 

Ad(x)r'(Lie(C/p /(J ^, ) ) n Lie(Lj)) = r'(Ue(U PK ) n Lie(Lj)), 

Ad(x)Lie(C/ Pj ) = Lie(C/ Pj ). 

Thus Ad(x)«Q = Mq. Assume now that n > and that (a) hold when 
n is replaced by n — 1. Then 

Ad(x)< = Ad(x)[<,<_ 1 ]+Ad(x)Lie(C/ Pj ) = [«{,, <_ 1 ]+Lie(f/p / ) = < 

(a) is proved. 

(b) For any n ^ 0, a'(u n ) C w^. 

This follows from (a) and Lemma 3.16(4). 

(c) Let a be a root. If (wS) n a G $j for all n ^ 0, then a G 

We have that (w5) fc o; = a for some fc > 0. Then wS(J2iZi( w ^) l(X ) — 
J2 k iZl(wSya. Write Y^i( wS Y a as E je j a i«i- Th en 
wS{j G J; Oj ± 0} = {j G J; a, ^ 0}. 

Hence if aj ^ 0, then j G /(J, w, 5). Therefore a G 

(c) is proved. 

(d) (nja'T') n Lie(Up K ) = {0} for n > 0. 
Notice that -kjo't' G 7rjAd(Lx)Ad(u>gD). Thus 

(7rjoKr') n Lie(E/pJ = (7TjAd(u;^)) n Lie(E/pJ. 

Now (d) follows from (c). 
Now set 

b = - 1 -±^r'J2(^rTa. 
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By (d), b is well-defined. By (b) and Lemma 3.16(4), b G u' n . Since 
b' is an involution, we have that cr'(b) = b. Now 

(1 - r / )7r J (6) = £(7rjcrY) n a/2 - r' ^( 7 r J aV) n a/2 

+ r' J](7rjaV) n a/2 - ^(7r J aV / )"a/2 
= a/2 -r'(a/2) = a 

□ 

3.18. Let us recall the Campell-Hausdorff formula. 

Let exp : Lie(C/) — > C/ be the exponential map. Then for X, F G 
Lie(C/), exp(X)exp(Y) = exp{X + F + £ n>1 fn(X, F)), where 

/ n (X,F) = Yl a riM ,..., rs , t XadXy^adY) t ^-.{adXy°(adYf 

ri+U>0; 
ri+tiH hr s +t 3 =n— 1 

and the coefficients o ri) t 1) ... t r s ,t s only depends on 7*1, ti, • • • , r s , t s . 

Lemma 3.19. Keep the notation of Lemma 3.16 and 3.17. Let a G u 

with r'(a) = —a. Then there exists b G u' such that (j'{b) = b and 
exp(iij{b))exp(—T'{j[j{b))) = exp(a). 

Proof. For b G Lie(Pj), we simply write Tij(b) as b. It suffices to 
prove the following statement: for each n, there exists b n G u' Q , such 
that 

&'(b n ) = b n and exp(b n )exp(— t'(6„)) G exp(a + w n ). 
We prove by induction on n. For n = 0, we may choose 6 — 0. 
Assume that n > and that exp(b n -i)exp(— r'(6 n _i)) G exp(a + u n -i) 
for a'(b n -i) = b n -i G Mq. By Campell-Hausdorff formula, 

n-l 

&n-l - T^&n-l) + 5^ f$ n - U -r'(6„_i)) G a + «„-!■ 
i=2 

Thus fo n _i-r'(6 n _i) + X)r=2/i(^-i> - r '(^n-i)) e a + a„_i+w n for some 
a n _i G u n -\. 

Since t' [exp(b)exp{— r'(fe))) = (exp(fe)exp(— r'(fe))) , we have that 
T '( a n-i) = — a n-i- By the definition of /, and Lemma 3.16(4), 

/i(& n _i + tt„_i, -r'(6„_i + u n _i)) = /i(5„_i + u n _i, -r'(E„_i) + u n _i) 

C fi(b n -!, -r'(fe n _i)) + [m ,m„_i] 

= fi(K-l, -T'(b~n-l)) + U n . 

By Lemma 3.17, there exists G w^-i> sucn that cr'(^n-i) = K,-i 
and - r'(^_i) G a n _i + Lie([/ Pj ). Set b n = 6 n _i - b' n _ x . Then 

n 

- r'(b n ) + -r'(6 n )) ea + u n . 
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In other words, exp(b n )exp(— t'(6„)) G exp(a + u n ). □ 

3.20. The proof of Proposition 3.15. By definition 

7Tj(Ue(Up K ) n<j'Ue(Up K )) c u Q . 

a,<r'(a)e*j"-$J. 

Let a be a root with a, o~'(a) G $j — It is easy to see that 
r'(a) G $jnrV($|) = ^ntf - ^ -1 ^). Since tu G we deduce 

that r'(a) G Notice that t'(<$> k ) = <& K . Thus r'(a) G $j — 
Hence rVj(Lie(P Pis . ) n o-'Lie(P Pif )) C IAq(U Pk ). Therefore 

t'tij(P k n (/(P*-)) = t'{L k )t^j{P k n </(P*)) C P*. 

In other words, ttj(P k n cr'(Pftr)) C t'(P k ). Therefore 

7Tj(P K na'(P K ))GH. 

In particular, ^(G" 7 ' n P K )L K L T J C PL}'. 

Let Z G and p G Then pr'ij))' 1 = exp(a) for some a G 

Lie{U H ) with r'(a) = -a. Set a' = Ad(/ ( j / (/)~ 1 ) o a'. By Lemma 3.19, 
there exists g G G a ' f]Up K such that -Kj(g)T > (-K J (g))^ 1 = exp(a). So p G 
TTj(G a 'r)Up K )L T J. Thus Zp G l-Kj{l- l G a 'lnUp K )L r j = lnj(G a 'r)Up K )L T J. 
The proposition is proved. 

3.21. Keep the notation of 3.14. Set 

Xj,™ = x 1 G^L k Up j L t ;x 2 1 /U Pj L t j = G a x l L K x 2 1 Up J L T J /U Pj L T J . 

We call Jj !T;W)V2 a G°-stable piece in X Jr . 

Lemma 3.22. The variety Xj T . vl V2 consists of the element gl~ 1 Up J L T J , 
where g G V\ with g~ 1 c(g) G w5(u)T and Z G v 2 with G (Pk H 

In particular, X J>T . vljV2 is independent of the choice of x 1 and 

x 2 . 

Proof. It is easy to see that g~ 1 a(g) G wS(u)T for g G XiG a ' = G a X\ 
and Z _1 r(Z) G L^m for Z G x 2 L K . 

Let g = /ca^p for k G G CT and p G Pr-. If moreover, g~ l o~{g) G 
wS(u)T, then <r'(p) G Pr-. By 3.20, vrj(p) G H and p G PP Pj . 

Let / = k'x 2 p' for k' G Lj and p' G Pr- fl Lj. If moreover, Z -1 t(Z) G 
(Pa- n Lj)u, then (j/)-V(j/) e P K n Lj and r'(p') G Pr- n Lj. Thus 
p' G P. 

By Proposition 3.15, gl~ l G G <T x 1 HU Pj Hx 2 1 L T J = G a x l L K x 2 1 U Pj L T J . 
Rence gl^UpjL} e X JtT . VuV2 . □ 

Theorem 3.23. We have that 

Xj, T = U U U X J,r;v 1 ,v 2 - 

wew(j,a,r) vieG°\G w /p K v2eL T j\L w /(p K nLj) 
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Proof. By Proposition 3.9, X Jr = \_\ w eW(J,a,r) 

(Xj, t n z 

J,y,D;w ) ■ 

Let w G W(J,a,r), v Y G G a \G w /P K and v 2 GG L T j\L w /(P K f]Lj). 
Then 

= {G a ) A {xiw5(u),x l L K uL K ) ■ h Jy y )D 

= (G (7 ) A (X 1 W,X 1 L K ) ■ hj^D C Zjy£)- W . 

Let z G Zj t y^. w fl By the proof of Proposition 3.9, z can be 

written as z = (gbw,g) ■ hj y o, where b £ B, g £ G with g _1 a(g) G 
Bw5(u')B for some w' G i7j,t- By the proof of Corollary 3.13, u' G 
W^w. Thus g~ 1 a(g) G Pkw5(u)(j(P k ). In other words, g E vi for 
some f i G G" 7 \ G W /P K - Now 

^ e ((G'UfaAw^A) • Zij^) n X JjT 
= (G a ) A ((a(x 1 )5(uy 1 w- l P K w,x 1 P K ) ■ h J>V:D D X JtT ). 

Similar to the proof of Proposition 3.9, z = (a(kxil~ 1 ),kxil~ 1 ) ■ 
hj, y ,D, where k G G a and Z G v 2 with Z _1 t(/) G (PkC\Lj)u. Thus Z G t> 2 
for some v 2 E L T ; \ L W /(P K n Lj). By Lemma 3.22, z G X J:t . vljV2 . 
Hence X JjT = U W 6W(J,<t,t) LUeG^ysVPx LUeL^YW^nLj) ^r^i,^- 
Let w G W(J,cr,r), ux,^ G G a \G w /P K an&v 2 ,v' 2 GG L T j\L w /(P K f] 
Lj). Assume that Xj >T . vljV2 fl Xj T .^ ^ ^ 0, i.e., there exists g\ G 
«i,^2 e h e ^2,Z 2 e ^ 2 sucn tnat gfV^i),^ 1 ^^) e w5(u)T, 
Zr 1 r(Zi),Z2 1 r(Z 2 ) e (ftnLj)« and 

(^lZr^^iZr 1 ) ' ^j/.d = (v(92l 2 1 ),g2l 2 1 ) ■ hj^ D . 
Notice that 

H^r 1 )^!^ 1 ) ' ^j,i/,i> e (9iw,giP K ) ■ hj tV , D ; 
(v(g2l 2 1 ),g2l 2 1 ) ■ h J:VtD G (g 2 w,g 2 P K ) ■ hj :y>D . 

By 1.3 (2), g 1 G g 2 Px- In particular, t>x = f x . By the proof of Lemma 
3.22, g±,g 2 G G a xiHU Pj . Thus 

Sf 1 ^ G HU Pj G°'HU Pj HP K = HU Pj {G°' n P*)#£/ Pj = #t/p 7 . 
Now 

(l,ZrV(Zi)) • /i J)W)£) = (l,7r J (^ 1 ^2)^ 1 r(Z 2 )r(7rj(^f 1 ^ 2 )) _1 ) • Zij, y ,D 
= (1, {h^j{g 2 1 9i)y 1 r{l 2 ^j{g 2 l gi))) ■ hj^ D . 

Notice that h,l 2 nj(g 2 1 gi) G Lj. Then 

l i lr (h) = (Z27rj(5- 2 ~ 1 5ri)) _1 T(Z 2 7rj(5r 2 ~ 1 g'i))- 
Hence Zi G l 2 -Kj(g 2 l gi)L T j and t> 2 = t> 2 . □ 
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3.24. By the proof of Theorem 3.23, each G°"-stable piece in Xj T is an 
irreducible component of the intersection of Xj T with some G-stable 
piece in Zj^ yD . In particular, in the Example 3.6 (1), the G°-stable 
pieces in X J/T are just the G-stable pieces in Zj^ G (see remark of 
Proposition 3.9). 

3.25. For any variety X with the action of G a> fl Pk (resp. L^), we 
denote by ind l (X) (resp. ind 2 (X)) the quotient of G a x X modulo 
the action of G G fl Pk (resp. L K ) defined by g • (g',x) — (g'g~ l ,g • x). 

Recall that kj(G (J ' fl Pk) C H (see 3.20). Unless otherwise stated, 
the action of G a> fl P K on HL T J is defined by g ■ h — irj(g)h and the 
action of G a ' fl P K on L K is defined by g ■ I — 7T K (g)l- 

Lemma 3.26. The map G a ' x HLj — > G defined by (g, I) i— > xiglx^ 1 
induces an isomorphism k : ind 1 (HLj /Lj) ^ X J:T . V1:V2 . 

Proof. By 1.3 (2), the map n : Z Jjy:D . w — > G / P K defined by 

n((gpw,g) ■ hj tVtD ) = gP K 

for g G G and p G Pk is well-defined and is a G-equivariant mor- 
phism. Then its restriction to (x^ 1 , x^ 1 )Xj tT . VljV2 is a G CT -equivariant 
morphism. 

Notice that (x^ ,x^ )Xj, C {G^) A {P K w ) P K )-h h Vt D- Then 

Tr^SO*/,™) C G°'P k /Pk = G°'/G°' n P*. 
Since G a ' acts transitively on G a ' /G a ' fl P^, we have that 

tt((x^,x^)Xj >t . VUV2 ) = G°'/G°' n P K . 
By the proof of Theorem 3.23, 

= {(«;, rV(Z)) ■ ^ J)J/)D ; Z G v 2 with Z _1 r(Z) G (P x H Lj)w}. 

We have shown in the proof of Lemma 3.22 that Z G i> 2 with Z _1 r(Z) G 
(Pk n Lj)u if and only if Z G x 2 l L T jH. Thus 

Now the lemma follows from Lemma 3.3. □ 

Lemma 3.27. Keep the notation of 3.14- Then 

(1) Uh/UJj is an affine space. 

(2) The map L K x Uh — > P defined by (l,p) i— > Zp induces an iso- 
morphism L K /L T K x Uh/Uh — > HLj/Lj. 

Proof. (1) Notice that r' is an order-2 linear endomorphism on 

Lie(Ptf). SoLie(P^) = Lie(P // ) r '©Lie(P^) 1 - r ' and Lie(P H )/Lie(P H ) r ' 
is an affine space. 

Moreover, the isomorphism exp : Lie(P#) — > P# induces an isomor- 
phism Lie(U H ) /Lie(U H ) T ' — > U H /U^. Part (1) is proved. 
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Part (2) is obvious. □ 

The following result is an easy consequence of the above lemma and 
Proposition 3.15. 

Corollary 3.28. The projection map HLj / Lj — > Lk/L 1 ^ induces an 
affine space bundle map 

: ind\HL T j /L T j) -> ind 1 (L K / U K ) . 

Moreover, this map induces a bijection from the set of G a ' -orbits on 
ind 1 (HL 1 J / L T j) to the set of G G -orbits on ind 1 {LK/L T K ). 

Notice that the map k induces a bijection between the set of G°- 
orbits on Xj jT . v1jV2 and the set of G° -orbits on ind 1 (HL 1 J / L T j). Then 

Corollary 3.29. There is a bijection between the set of G° -orbits on 
Xj jT - )V1jV2 and the set of L a K -orbits on Lk/L t k . 

3.30. In the rest of this section, we assume that G is adjoint. We 
assume furthermore that for a G $ + , either r{a) = a or r(a) G — $ + . 
Let I be the set of simple roots and Iq be the set of simple roots that 
are fixed by r. 

Let G/G T be the De Concini-Procesi compactification of G/G T . Then 
G/G T is a smooth, projective variety that contains G/G T as an open 
subvariety. The G°-action on G/G T extends in a unique way to a en- 
action on G/G T . Moreover, 

gW= u x -^- 

IoCJcI;t{§j)=&j 

Here Xj tT is the quotient space Gx Pj (Gj/Gj), where Gj = Lj/Z°(Lj) 
and Pj acts on G on the right and acts on G j/Gj via the quotient L j 
(see |^T| 1.4]). 

Let pj : X J)T — > X J)T be the projection map. Set Xj )T;Vl>V2 = 
Pj(Xj jT;VuV2 ). We call Xj tT . VuV2 a G°"-stable piece in G/G T . 

Theorem 3.31. We have that 

G/&= U U U x JmV2 . 

/ CJC-f;r($ J )=$ J w£W(J,a,r) v 1 &G"\G w / P I{ j^ t s) I 

,w,S) 

Let I C J C / wrf/i r($j) = $ J; iu G W(J, a, r), u x G G CT \ 
Gw/Pi(J,w,6) andv 2 G Lj\L w / (Pi(j, w> 5)C\Lj). We use the same notation 
as in 3.14- Then Xj^ T . Vl:V2 is an affine space bundle over G a> ^g^'hPk 
Lk/ ' L T K Z a (Lj). Moreover, this map induces a bijection between the 
set of G° -orbits on Xj iT;viiV2 and the set of (Lk/Z°(Lj)) -orbits on 
(L K /Z\Lj))/{L K /Z«{Lj)Y. 



22 



XUHUA HE 



4. The character sheaves 

4.1. We follow the notation of [BBD] and |BLj . Let X be an algebraic 
variety over k and I be a fixed prime number invertible in k. We write 
T>(X) instead of T>l(X, Qj). If / : X — > Y is a smooth morphism with 
connected fibres of dimension d, then we set /(C) = f*(C)[d] for any 
perverse sheaf C on Y. 

Let K be an algebraic group defined over k. If K acts on X, we 
denote by T>k(X) the equivariant derived category of X. 

4.2. Let d G V K (X) for % = 1, 2, • - • , n. For C G V K (X), we write 
C G< Cj; i = 1, 2, • • • , n > if there exist m > n and C n+ i, • ■ ■ , C m G 
T>k(X) such that C m = C and for each n + 1 ^ i ^ m, there exists 
1 ^ j, k < i such that (Cj, Ci, Ck) is a distinguished triangle in Prt(X). 

If X, C, Ci are as above and Y — > X A Z are X-equivariant mor- 
phisms, then 

(a) r(C)G<r(C i );i = l,2,-.-,n>, 

(b) ^(C)e<^,(C i );i = l,2,...,n>. 

If X = Ui^^ n Xj is a partition of X into locally closed X-stable 
subvarieties such that Ux^j^Xj is closed in X for any 1 $C k ^ n. We 
denote by ji : Xj — > X the inclusion maps. Let C G Pr-(X). Then 

(c) CG<(j i ) ! (j-)*(C);z = l,2,---,n>. 

In the case when K is a trivial group, the notation above is slightly 
different from the one defined in |L2[ 32.15]. Namely, C G< C{\ i = 
1, 2, ■ ■ • , n > if and only if there exists a sequence {C-; i G Z} of objects 
in P(X) such that C[ G {0, Ci, C 2 , ■ ■ • , C n } for all i, C[ = for all but 
finitely many i and C =c= {C|; i G Z}. 

4.3. Let T be a torus. Let /C(T) be the set of isomorphism classes of 
Kummer local systems on T, i. e., the set of isomorphism classes of 
Qrlocal systems £ of rank one on T, such that C® m = Qi for some 
integer m ^ 1 invertible in k. 

Let X be a variety with free T-action a : T x X — > X. For £ G /C(T), 
we denote by D £ (X) the full subcategory of X'(X) with objects A G 
P(X) such that a*A = £ Kl A. If moreover, we have an action of an 
algebraic group K on X that commutes with the action of T, we denote 
by 2>§-(X) the full subcategory of V K (X) with objects A G £>(X) such 
that the image of A in P(X) is in V C (X). 

4.4. Let J C I. Denote by Yj the quotient of G/U x Lj/Uj modulo 
the diagonal T-action on the right. Consider the diagram 

G/U Pj J^- G/U Pj x Lj/Bj Yj 

where pj is the projection and qj(g, I) = (glU, lUj)T. Then pj is proper 
and qj is a smooth morphism with fibres isomorphic to Uj. 
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Define the G a x L}-action on G/U Pj by (g,l)-g' = gg'l 1 , onG/U Pj x 
Lj/Uj by (g, I) ■ (g', V) = {gg'l' 1 , 11') and on Yj by (g, I) ■ (g'U, l'Uj)T = 
(gg'U, ll'Uj)T . Then the maps pj and qj are G a x Lj-equivariant. 
' Define CHj = (pMqj)* : 2Vx^(*j) - V GaxL r{G/U Pj ) and 
#0/ = : V g . xL t(G/U Pj ) -> ZW^j). 

It is easy to see that the functor Cifj is the left adjoint of iTCj. 

In the case when J — I, CHj is just the character functor defined in 
[Oil 8.4] and HCj is just the Harish-Chandra functor defined in loc.cit. 

We will call CHj a (parabolic) character functor and HCj a (para- 
bolic) Harish-Chandra functor. 

Proposition 4.5. Let A G T>g^xl t {G/U Pj ) . Then A is a direct sum- 
mand of CHj o HCj(A). 

Remark. The argument is inspired by |Gi| 8.5.1] and |MV| 3.6]. 

Proof. Set Z = {(u,y);u G Lj, y G Lj/Bj,u G y Uj}. The second 
projection pr2 : Z — ► Lj/Bj is a fibration with fibres C/j. The first 
projection pn : Z — > Lj is the "Springer resolution" of the unipotent 
variety of Lj. 

Consider the following commuting diagram 



G/U Pj x Lj/Bj G/U Pj x Z (G/U Pj ) x Lj 



pj 



G/U 



pj 



Yl 



9.7 



G/E7 Pj x Lj/Bj 



pj 



G/U Pj 

where %, u, y) = (gu, y) and m(g, I) = gl. 

It is easy to see that the square (hf, qj, h, qj) is Cartesian. Now 

CHjoHCj(A) = (pjUqj)\qMpj)\A)\-2d]{-d) 

= { Pj )Mid x pr 2 ) l ( Pj ) l (A)[-2d](-d) 

= m*(id x pn)*(AmQi[2d}(d)) 

Here d = dim(Uj) and (—d), (d) are Tate twists. 

It is known that (pri)*Qi[2d](d) is a semisimple perverse sheaf on Lj 
and the skyscraper sheaf (Qz)e at the identity point of Lj is a direct 
summand of (pri)*Qj[2dim(E/j)]. Hence A = m*(AKI (Qj) e ) is a direct 
summand of CHj o HCj(A). □ 

Proposition 4.6. H^e define the action of T on Yj by t(gU,lUj)T = 
(gtU,lUj)T. Let £ G K,(T) and A G V g „ xL t(Yj) . Then 

HCjoCHj(A)e v g^(Yj). 

w&Wj 

Remark. This result is inspired by \Gr\ Proposition 1.2]. 
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Proof. Set Z = G/U Pj x Lj/Bj x Lj/Bj. Consider the following 
diagram 




where a(g, I, I') = (g, I) and b(g, I, V) = (g, I'). 

It is easy to see that the square (a,pj,b,pj) is Cartesian. Notice 
that pj is proper, then 

HCjoCHj(A) = (qMpj)\pj)Mjy = (qj)*aJ(qj) l (A) 
= (qj ° o)*{qj ° h )\ A )- 
Now we have a partition Z = U we wjZ w , where 

Z w = {(gU Pj ,l 1 Bj,l 2 Bj);l 1 ,l 2 G Lj,lyH 2 G SjwSj}. 

By 4.2(c), HCjoCHj(A) e< ((qjoa) \zM(qjob) \ z J(A);w e Wj >. 
Set 

Z' w = {((xU,yUj)T, (aU,bUj)T) eYjX Yj; 
Ujx- l aUj = Ujy- l bUj C BjwBj}. 
Define the map n w : Z w — > by 

{gU Pj MBjMBj) » {(ghU,hUj)T, (gl 2 U,l 2 Uj)T). 

Then it is easy to see that ir w is an afline space bundle map with fibres 
isomorphic to Ujn w Uj. 

Let p w : Z' w — > Y} be the projection to the first factor and : — > 
Yj be the projection to the second factor. Then (qj o a) \z w — Pw ° k w 
and (gj o 6) \ Zw = p' w o ir w . Now 

((qjoa) \ Zw U(Qjob) \ Z J{A) = (p 

= W*(p;) ! (A)[2d](d). 

Here d = dim([/j n w Uj) and (d) is Tate twist. 
Define the T-action on Z' w by 

t-((xU,yUj)T, (aU,bUj)T) = ((xwiw'^yU^T, (atU,bUj)T). 

Then p' w is T-equivariant and p w is T-equivariant with respect to the 
twisted T-action on Yj defined by t ■ (xU,yUj)T = (xwtw^U, yUj)T . 
Thus (p w Up'J(A) e V&ifyYj). □ 
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4.7. Let T^a^xL^O^j) be the full subcategory of V g <t xL t(Yj) with ob- 
jects in ffi£s£(T)£ > G<*xi^O'j)- By |BL| 5.3], CHj(A) is semisimple 
for simple perverse sheaf A G D^ xi r Let Cg°xl t {G /Up,) be 
the set of (isomorphism classes) of simple perverse sheaves that are 
a constituent of CHj(A) for some A G Cc xi^ 00) • The elements in 
Ccxl t j{G /Upj) are called (parabolic) character sheaves onG/Upj. Let 
DQ axL T(G/Upj) be the full subcategory of Vg°xl t j(G /Up ; ) consisting 
of objects whose perverse constituents are contained in Cg°xl t (G/Upj). 
Then it is easy to see that CHj(V& xL t C V^ xLTj (G/U Pj ). 
Similar to |L3[ Proposition 6.7(a)], we have the following result. 

Proposition 4.8. Le£A G £> g -xl- (G/U Pj ). Then A G T>& xL r(G/U Pj ) 
if and only if HCj(A) G P^ xi .(Fj). 

Proof. If A G £>g s CTxL t (G/Upj), then by Proposition 4.6, HCj(A) G 
Pg CTxL r(rj). Conversely, assume that HCj{A) G Pglr xL r (Vj). Then 
CHj oHCj(A) G T>^ xL r{G/U Pj ). Hence by Proposition 4.5, A G 
V&xlt+G/Up,). ' □ 

4.9. Let 7r : G/Up T — > X JjT = G/U Pj Lj be the quotient map. We 
call a simple perverse sheaf A in T>g^(Xj }T ) a character sheaf on Xj T 
if 7r(A) G Cg^xl t j(G/Upj). They form a set Cgo-(Xj )T ). 

Let T>gv(Xj t ) be the full subcategory of V G "{Xj^) that corresponds 
to T>Ga xL r(G/U Pj ) under 7r*. Then T>Qa(X JjT ) is the full subcategory 
of U G v(Xj T ) consisting of objects whose perverse constituents are con- 
tained in C g <t(X/ t ). 

Now we describe Cg<?{Xj^ t ) and T> G o{Xj^) in a slightly different way. 

4.10. Define the action of B on G x Lj by b- (g, I) = {gb^ 1 , r Kj(b)l). Let 
G x p Lj be the quotient spaces. Then we may identify G Xp Lj with 
G/Upj x Lj/Bj via (g,l) i— > {glUp T) l~ l Bj). Under this identification, 
the map pj : G x B Lj ^ G/Upj sends (<?,/) to glUpj and the map 
Qj '■ G x p Lj —> Yj sends Z) to /- 1 f/j)T. 

Consider the following diagram 

G/£/ Pj Gx B Lj Yj 

7T ij 

P'j , 

Xj,t ■* — ■ — G x B Lj/Lj 

where ij is the projection and p'j(g, I) = glUpjLj/UpjLj. 

It is easy to see that the square (pj, tc, ij,p'j) is Cartesian. 

Define (parabolic) character functor chj : T>g"xl,(Xj) T) G °{X Jr ) 
and (parabolic) Harish- Chandra functor hcj : Vg°(Xj^ t ) — > Vg°(Yj) 
as follows: 
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For A G V g * xL t(Yj), q}A G V g * xL t(Gx b Lj). Let A' be the unique 
element in V G *(G x B Lj/L t j) with qj(A) = ij(A'). Set chj(A) = 
(P'MA')- 

For B G V G ,{X J;T ), set hcj(B) = {qjWj o ij)*{B). 
Using the above diagram, one can easily see that 

(a) a simple perverse sheaf in T> g <t(Xj t ) is a character sheaf if and 
only if it is a direct summand of chj(A) for some simple perverse sheaf 
AeV& xL ,(Yj); 

(b) A G V&(X J)T ) if and only if hcj(A) G © £eJC(r) V^ xL r(Yj). 

4.11. Notice that each G u x Tj-stable subvariety of Yj that is also 
stable under the action of T defined in Position 4.6 is of the form 
Ui(Gi/U x Li/Uj)/T, where Gi are some G a x S-orbits on G and 
are some L T x Tij-orbits on Lj. Let ir : G x Lj — > Yj be the map 
defined by ff(g,l) = (gU,l~ 1 Uj)T. Then one can show that a simple 
perverse sheaf in T> G a xL r (Yj) is contained in T> Gt7xLT (Yj) if and only if 
its image under 7r* is of the form A Kl B, where A is a simple perverse 
sheaf in T> G v(G), that is equivariant for the right [/-action and has 
weight £ for the right T-action and B is a simple perverse sheaf in 
T>lt (Lj), that is equivariant for the left [/-action and has weight £ _1 
for the left T-action. 

Let pr : G x Lj/L t j — > G x B Lj/L t j be the projection map. Then 
a simple perverse sheaf in T> g *(Xj jT ) is a character sheaf if and only 
if it is a direct summand of (p'j)\(C), where C G T> G *(G x B Lj/Lj) 
with pr(C) = AM B' for some simple perverse sheaf A G T> G <r(G), 
that is equivariant for the right [/-action and has weight C for the 
right T-action and some simple perverse sheaf B G T>{LjjL T j\ that 
is equivariant for the left [/-action and has weight £ _1 for the left 
T-action. 

4.12. Recall that we have the G°-stable pieces decomposition 

Xj )T — | || | j | x JjT . VUV2 . 

we\V(J,a,r) V1 &G"\G w /Pk v 2 £L T j\L w /(P K nLj) 

Now we define the character sheaves on each piece Xj )T . )Vl)V3 . The 
definition is similar to |L3[ 4.6]. 

We keep the notation of 3.14. Consider the diagram 

L K /L T K ^— G a ' x L K /L T K ind l (L K /L T K ) ind x {EUj j Uj) 

where a x and a 2 are projections. 

Notice that G a ' n P K = (G a ' n U Pk ) x G a ' n U Pk is unipotent 
and G a ' n U Pk acts trivially on L K /L T K . By jMVl A6], 

(a) V G „, nPi< (L K /Li) = V L AL K /U K ). 
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Define the action of G a ' x (G a 'nP K ) onG a ' xL K /L T K by (g,p)-(g',l) = 
(gg'p' 1 '>7Tk(p)0- Then G°" acts freely on G" 7 x Lk/L t k and Lk/L t k is 
the quotient space. By |BL| Theorem 2.6.2], 

(b) a* : V GtT , nPK (L K /L T K ) -> ^ GCT ' x (G-'nP K )( G " T x L k/L t k ) 

is an equivalence of categories. 

Similarly, G" 7 ' flPx acts freely on G CT ' x Lk/L 1 ^ and ind 1 (LK / 'L^) is 
the quotient space. By |BL| Theorem 2.6.2], 

(c) ^ : V Ga >(Z) -> ^ GCT ' x(GCT ' nPif) (G ,J ' x L K /L T K ) is an 

equivalence of categories. 

Lemma 4.13. TTie functors 

r : V G „,{ind\L K /L T K )) -> V Gal (ind}(HUj /L T J)) 
'&\ : V% a ,(ind\RL T j jUj)) ^V Gal {ind\L K /L T K )) 

are equivalences of categories. 

Proof. By Corollary 3.28, $ is an affine space bundle map. Hence 
0!0*(C) is just a shift of C for G G V G<T ,(ind 1 (L K / L T K )). 

Again by Corollary 3.28, for any C G V Ga > (ind 1 (H L T j / X}')), C" is 
constant along each fiber of Hence i?*i?i(C") is also a shift of C". The 
lemma is proved. □ 

4.14. Combining the above lemma with 4.12 (a), (b) and (c), we have 
that the categories V L a>(L K / 'L T K ) and V Ga > (ind 1 (H Lj /Lj)) are natu- 
rally equivalent. 

For X G V cs al {L K lL T K ), let X' be the unique element in T> Ga i(Z) 

K 

such that a* 2 X' = a\X. Set X = 

As in 4.7, we denote by V^, (ind 1 (H Lj /Lj)) the full subcategory 
of T> Ga i(ind}(HL T j / L T j)) whose objects are X as above. The simple 
perverse sheaves that are contained in T>^ tT ,(ind 1 (HL T J /Lj)) are called 
character sheaves on ind 1 (B.L T j /L T J). 

By Lemma 3.26, « : ind 1 (H L T J / L T J ) ^> X J)T;Vl>V2 is an isomorphism. 
Hence k* : V G °{X J}T . vum ) -»■ V G „, (ind 1 (H L T j /L T j)) is an equivalence of 
categories. A simple perverse sheaf G in PG^(Xj jr . B1) „ 2 ) is called a char- 
acter sheaf on Xj iT . VliV2 if k*(C) is a character sheaf on ind 1 (HL T J /L T j). 
We also denote by V GtJ (X J>T . VlV2 ) the subcategory of V G <y(Xj tT . VljV2 ) 
that corresponds to T> c ^ a , (ind 1 (H L T j / L T j)) under k*. 

Now we describe V% a , (ind 1 (HL T j /L T J ) ) in a different way. This de- 
scription will be used to prove the main theorem. 
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4.15. Consider the diagram 

Y Z 1 Z 2 — U. in d 2 (HL T J/L T J) ind\HL T J / L T J) 

where F is the quotient of ind 2 (L K )/UK x L T J H/Uk modulo the diago- 
nal T-action on the right, Z 1 = ind 2 (L K ) x Bk HLj , Z 2 = ind 2 (L K ) x Bk 
HLj j Lj , a,b,c are analogous to qj, % j,p'j in 4.10 and d is the projec- 
tion map. 

As in 4.10, we define 

ch : V Ga , xLT ,{Y) -> V G ^{ind 2 {EUjlUj)\ 
he : V G „,{ind 2 {HU;/U;)) -> P^ xL y(F) 

as follows: 

For A e r , G , CT / xiT '(F), let A' be the unique element in D G<T '(Z 2 ) with 

6(A') = 5(A). Set ch(A) = a(A'). 

For B e V Ga ,{ind 2 {HL T j /L T J)), set hc(B) = a] (cob)*(B). 

Lemma 4.16. Define the action oJUh on L t j H by g-g' = g'g^ 1 . Let A 
be an Un-equivariant object in T> LT '(LjH) and n : Lj H — > LjH/Uk 
be the projection map. Then tt*7T\(A) is also Un-equivariant. 

Proof. Consider the diagram 

L T jH xU K xU H — ^ L T jH x U K — >■ L T J H 



pi xid 



Pi 



L T jH x U H — L T jH ^ L T jH/U K 

where m'(g,l,u) = (glu~ l l~ l ,/), m(g,u) = gu' 1 , pi(g,l) = gl and 
P2(g,l) = g. 

It is easy to see that all the squares in the above diagram are Carte- 
sian. 

We have that 

m*7r*m(A) = m*( Pl Up 2 y(A) = ( Pl x id),(m')* (p 2 )* (A) 
= ( Pl xid),(m')*(A®Qy K ). 
Consider the diagram 

L T jH xU K xU H — b -+ L T j H xU H x Uk^+ L t J H x U k 

where b(g, I, u) = (g, lul~ l , I). Then m' — b o (m x id). 

Since A is £/#-equivariant, we have that m*A = A ® Qf H . Hence 

m*7r*7r,(A) = (pi x id) { b*(m*A <g> Qf K ) ( Pl x id),b*(A <g> Q^ xC7 *) 

= (px x id),(4 ® Q^ xC/ ") = ( Pl ),(A <g> Q^) ® 

= (px),^)*^) ® = ttV,^) ® . 
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Proposition 4.17. Keep the notation of 4-15. Define it : ind 2 {LiK) x 
HLj — > Y byir(z,l) = (zUk,1~ 1 Uk)T. The group Uh acts onind 2 (L K )x 
HLj on the second factor on the left. Then for A e V G „i (ind 1 (H L^j /Lj)), 
7i*hc(d*A) is Un-equivariant. 

Proof. Consider the following commuting diagram 
ind 2 (L K ) x HL T j /L T j — ind 2 (Lx) x B , HL T j / L T j — — ^ ind 1 (H Lj' / Lj' ) 



7T1 



ind 2 (L K ) x L K /L T x 



7T2 



0-3 



ind 2 (L K ) x Bk L k /L t k 



CL4 



ind l {L K / L t k) 



where ai, a% are projections, 02 = d o c, where c, d are defined in 4.15, 
a 4 is analogous to a 2 and 7Ti,7r 2 are induced from the projection map 

By Lemma 4.13, A = for some B G V GrT > (ind 1 (L K / L T K )) . 

Then a^a^A) = 7r*(a4 o a3)*(.B). Notice that rri is £/#-equivariant, 
where acts on md 2 (L^) x Lk/L t k trivially. Hence aJa^A) is [/#- 
equivariant. 

Consider the following commuting diagram 



r 



ind 2 {L K ) x HL T J 



ind 2 {L K ) x EUjjUj 



05 



«i 



y ind 2 {L K ) x Bk HLj' — t ind 2 {L K ) x Bk HL T j/L T j 

where y' = ind 2 (L K ) x LjH/Uk, a,b are defined in 4.15, a'(z,l) = 
(z, 1~ 1 Uk), b' is analogous to b, 05, a$ are projection maps. 

It is easy to see that 05 o o' = n and the square (a', a^,aQ, a) is 
Cartesian. Now 



n*hc(d*A) = {a!)*alatf{a 2 y{A) = (a'y(a'),a* 6 b*a* 2 (A) 
= (ar(a')i(brala* 2 (A). 

Since a\a* 2 (A) is f/^-equivariant, (V)*a\ a 2 (A) is also C/^-equi variant. 
Similar to the proof of Lemma 4.16, ir*hc(d*A) is L^-equivariant. □ 

4.18. Let V™, rT /(y) be the full subcategory of V G<y , xLT i(Y) consist- 
ing of elements in ®ceK(T)T^^, a i rT '00 whose inverse image under the 
map 7r defined in the previous Proposition is [/^-equivariant. 

Lemma 4.19. A simple perverse sheaf in V GlT >(ind 2 (HLj /Lj)) is of 
the form d(C) for some character sheaf C on ind 1 (HL J ' /Lj) if and 
only if it is a direct summand of ch(A) for some simple perverse sheaf 
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Proof. Set X = L K /L T K and X' = HL T J/L T J. Consider the following 
commuting diagram 



L K xX * Pri L K x X' -<— ^ Z 



P2 



TTl 



7T2 



ind 2 (L K ) x X' 



7T 3 



L K x Bk X J^- L K x Bk X' ^ Z> 



7T 4 



J K ^B K 



X 



pr 



X' 



P5 



pr 



X 



P7 



idxm' 

G a ' x X' - 

idxpr 

G a ' x X - 



ind 2 (L K ) x Bk X' 



ind 2 (X') 



pr-s 



ind 2 (X) 



where Z = G a ' x L K x X', Z' = G a ' x L K x Bk X', n^pi are the 
projection maps, pr\ are induced from the projection map pr : X' — > X, 
m'(l, I') = IV and m' is analogous to m. 

It is easy to see that all the squares in the above diagram are Carte- 
sian. 

Let A be a simple perverse sheaf in ^/ IT '(^)' Similar to 4.11, 

tt(A) — AiMA 2 , where A x is a simple perverse sheaf in V G ^(ind 2 (L K )) 
that is equivariant for the right [//(-action and has weight L for the 
right T-action and A 2 is a simple perverse sheaf in T> LT > (HL T j ) that is 

equivariant for the left L^L^-action and has weight C~ l for the left 
T-action. 

Consider the diagram 



51 / S2 

— G xL K 



ind 2 (L K ) 



where si, s 2 are projections. Let A[ be the unique element in T> L(J i(L K ) 

with si(A[) = s 2 (Ai). 

Since A 2 is C/^-equivariant, there exists a unique simple perverse 
sheaf A 2 on X with s 3 pr(A 2 ) = A 2 , where S3 : HLij X' is the 
projection map. 

Now let B be the simple perverse sheaf in V G ^(ind 2 (L K ) x Bk X') 
with tt^B) — Ai IE pr(A' 2 ) and be the simple perverse sheaf in 
V Ga \L K x BK X) with tti{B') = A[MA' 2 . Then p 4 (B) = p 3 pr 2 (B'). We 
have that 

p 6 ch(A) = PqC\(B) = (id x m')\p A (B) = (id x m')\p 3 pr 2 (B') 

= p 5 m\pr 2 (B') = p 5 prm\(B') = (id x pr)p 7 m\(B'). 

Let C\ be a simple perverse sheaf in V G ^(ind 2 (X')) that is a di- 
rect summand of ch(A). Then there exists a simple perverse sheaf C 
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in V La r(X) that is a direct summand of m\{B') such that Pq(Ci) = 

(id x pr)p 7 (C). By 4.11, C is a character sheaf. 

Let d! : ind 2 (X) — > inci 1 (X) be the projection map. Then d' o 
p 8 = a 2 , where a 2 is defined in 4.12. Let C 2 be the unique element in 
V G „<(ind l (X')) with ~a 2 (C 2 ) = p 7 (C'). Then 

(id x pr)p 7 (C) = (id x pr)p 8 d'(C 2 ) = p 6 dtf(C 2 ). 



Therefore C\ = di)(C 2 ). The "if" part is proved. 
The "only if" part can be proved in the similar way. 



□ 



Proposition 4.20. Let C G V Gal (ind 1 (X')). ThenC e V c ^,(ind l (X')) 
if and only ifhc(d(C)) E ^^(Y). 

Proof. Let Y be the quotient of L K /U K x LjH/U K modulo the 
diagonal T-action on the right. Then Y = ind 2 (Y ), where acts 
on Yq on the first factor. We also have that ind 2 (L K ) x Bk HLj = 
ind 2 (LK x b k HLj). Now consider the following commuting diagram 



Y n 



Lr x b k HLj 



HLj 



G x Yq 

\ 

Y 



idxq , . idxp 

G a x (L K x Bk HL t j ) G a x HL T j 



7T5 



ind 2 (L K ) x Bk HL\ 



ind 2 (L K ) x Bk X' 



7T6 

ind 2 (HL T j) 
v 

^ind 2 (X') 



where p, q are analogous to pj, qj defined in 4.4, Hi are the projec- 
tion maps, a,b,c are defined in 4.15, d is induced from id x p, b' : 
ind 2 (HLj) — > ind 2 (HLj)/ Lj = ind 2 (X') is the projection map. 

It is easy to see that all the squares in the above diagram are Carte- 
sian. 

Similarly to Proposition 4.5 and 4.6, we can show that 

(1) Let A G T> L a> xLT j(HLj), then some shift of A is a direct sum- 
mand of p\q* q\p* (A); 

(2) Let A G V L Ta , TT ,(Y ) for some C G /C(T), then q,p*p>q*(A) G 

K X J 

Y. w ew K VW L ^y. L A Y v)- 

Now let C be a character sheaf on ind 1 (X'). Then there exists 
£ G /C(T) and a simple perverse sheaf A G ^'^'(D H ^-'xl-'^) 

such that d(C) is a direct summand of ch(A). Therefore some shift of 
(b')*d(C) is a direct summand of c\a*A. 
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It is easy to see that there exists a simple perverse sheaf A' G 



V%, xL AY ) with nl(A' 



ttI(A). Then 

Tr* P] q*(A') = {id x p)mlq*(A') = {id x p) x (id x g)*7r*(A') 
= (id x p)\(id x g)*7T4(A) = {id x p)i7T5a*(A) = 7Tgc(a*(A). 
We can show in the same way that -K\q\p* p\q* {A') = irla\{c')*c\a*{A). 
Hence hc{C) G Y. w&J v K V t^A Y )- B ^ Proposition 4.17, ~hc(C) G 

On the other hand, for any C\ G V G , T '{ind 1 {X')), there exists C[ G 
V La > xLT >{HL T j) with 7r|(C() = 7r^(6')*rf(Ci). We can also show that 

7T3P!?*?!P*(C() = ■Ktc\a*a^{c'y{b'Yd{C l ) = ■Klc[a*hc{d{C 1 )) is a shift of 
Tr^fcO^/io/ic^d)). 

Hence some shift of Til{b')*d{Ci) is a direct summand of 7ig{b')*ch o 
/ic(<i(Ci)) and some shift of d{C\) is a direct summand of chohc{d{Ci)) . 
If moreover, hc{C) G rT /(^), then by Lemma 4.19, C\ is a char- 

G XL 7 

acter sheaf. □ 
Theorem 4.21. Let i : Xj. 

t;vi,v 2 Xj jT be the inclusion map. Then 
(1) for any C G V%„(X J>T . vltVa ), i,(C),i*(C) G Z>&(Xj )T ); 
^ /or any C G © cs (X JjT ) ; i*(C) G P&(Xj lT;t , 1)Wa )- 

Proof. (1) Define the map m : ind 2 {L K ) — > G by m{g,l) = gl for 
g <E G a and / G L^. Now consider the following commuting diagram 



ind 2 {L K ) x Bk HL t j 



ij°pj 




G/U Pj x Lj/Ej 



where Z = ind 2 {L K ) x Bk i^Xj x Lj/ Bj, f{z,x) = Xim{z)xx2 1 Up J Lj 
for 2 G ind 2 {L K ) and x G X', f'{z,h,lBj) = {xim{g)hx 2 ~ 1 Up J ,lBj) 
for z G ind 2 {Lx), h G -HXj and / G Lj, 7r 2 is the projection map, 
n i = b o 7T2, 7T3 = a o n 2 and ~k& = qj o f. 

It is easy to see that the square {tti, f,f',ijop j) is Cartesian. 

By Lemma 4.19, it suffices to prove that for any A G ^' xiT '(^) 

and 5 G V G „> {ind 2 {L K ) x Bk X') with &*(£) = a* (A), we have that 
MB),f,(B)eVg a (X JtT ). 
Now 

fccj(/,(S)) = {qjUij opjYMB) = {qjUA(B) = M^b*(B) 
= (7r 4 )!7r 2 *a*(A) = (vr 4 ) ! (7r 3 )*(A). 
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Recall that we have a partition Lj = U we wjBjwBj. Moreover, 
BjwBj = U ieNu{0} L W)i , where 

L w ,i = {le BjwBj; dim(/- 1 ^/ n Uj) = i}. 

It is easy to see that 

(a) L W)i = for i ^> 0; 

(b) L Wji is stable under the action of B K on the left and the action 
of Bj on the right; 

(c) for any / £ L Wti , 1~ x UkI fl Uj is an affine space of dimension i. 
Now set 

Z w ,i = {{g, I, I') eZ;ge ind 2 (L K ), I £ HL T J, I' £ Lj/Bj, Ix^H' £ L w>i }. 

By (b), Z W j is well-defined. By (a), Z = U weWj)imu{0} Z w ^ is a finite 
partition. Hence 

(7r 4 ) ! 7r*(A) £< (tt 4 \ Zw M^ \z w J*(A);w£ Wj,i £ NU {0} > . 

Set 

Z' w ,i ={((xU K ,yU K )T, (aU,bUj)T) £YxY r , 

U K m(xy l x^ l aUj = Uxy^x^bUj C L W;i }. 
Define the map n w ^ : Z Wji — > Z' w i by 

(z,l,T) i-> ((zUkJ^U^T, (xmiz^H'UJ'U^T) 

for z £ ind 2 (Lx), I £ HL T j and V £ Lj. 

By (c), 7i Wti is an affine space bundle map with fibres isomorphic to 
l~ x XJ K u n Uj for I £ L Wii . 

Let p Wji : Z' wi -> F and : -> Fj be the projection maps. 
Similar to the proof of Proposition 4.6, 

(7T4 |0,(7T3 IO V) = (j4,<Xi(^)[K](0 £ ^xl^)- 

Hence hcj{fr{B)) £ V& xL r(Yj). By Proposition 4.8, f\(B) £ V C G S „(X J>T ). 
We can prove in the same way that f*(B) £ V^ a (Xj^ T ). 
(2) Consider the following commuting diagram 




ind (L K ) x Bk HL} 



where Z, 7r 2 , 7r 3 , 7r 4 are defined above, p'j, ij, qj are defined in 4.10 and 
7T5 = ij o /'. 

It is easy to see that the square (n 5 ,p'j, 7r 2 , /oft) is Cartesian. 
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Let A e V c ^ xL r(Yj) and B e V g ,(Gx b Lj/L t j) withi}(P) = q*(A). 
Then 

o,(/ o 6) Vj)i(S) = a,(7r 2 K(5) = (7^), (/')*(*./)* (3) 

Similarly to the proof of part (1), we can show that 
a,(/o6)Vj)i(B)G ^ xL .;(V». 

£G/C(T) J 

By Proposition 4.17, a,(/ o b)*(p'j)(B) E V c ° TT ,(Y). Now part (2) 
follows from Proposition 4.20. □ 

Corollary 4.22. Let C be a simple perverse sheaf in Vg°(Xj^ t ) . Then 
C is a character sheaf if and only if C is the perverse extension of C, 
where C is a character sheaf on some G a -stable piece Xj jT . VuV2 . 

Proof. Since Xj jT = \JXj^ T . VljV2 , we can find a G^-stable piece Xj tT . VuV2 
such that supp(C)nX j tT - VUV2 is open dense in supp(C). Hence C \x jT . vl v , 
is a simple perverse sheaf on X J>T . vljV2 . By part (2) of the above theo- 
rem, C \x Jt . vi V2 is a character sheaf on X JjT . vl>V2 . 

On the other hand, if C is a character sheaf on X J>T . vljV2 . By part (1) 
of the above theorem, i\(C) G T>Q a (Xj jT ), where i : X J;T . VI>V2 — > X Jr is 
the inclusion map. Since the perverse extension of C is a quotient of 
p H°(i\(C')), the perverse extension of C is also contained in T>Q a {Xj jT ). 
Therefore, the perverse extension of C is a character sheaf on X J>T . □ 

5. Lusztig's functors ej' and //, 

5.1. Let J C J' C / with Lj = t(Lj) and Lj< = t(Lj>). 

Define the action of Pj on G x (Lj> n Pj)/(Lj> n Pj) r by p ■ (g, I) = 
(gp^ 1 , nj'(p)l). Let Zj ji be the quotient space. Let n : Lji fl Pj — > 
(Lj/ fl Pj)/(Lj> nUpj) = Lj be the projection. Then 7r induces a 
morphism 7f : (Lj/ HPj) / (Lj/ P\Pj) T — * Lj/Lj. The morphism (id,7t) : 
G x (Lj/ n Pj)/{Lji n Pj) r — > G x Lj/L t j is equivariant under the 
Pj-action. Then it induces a morphism c : Zj y ji — * Xj )T . 

The inclusion map G x (Lj, n Pj)/(Lj, n Pjj r -»• G x Lj,/(Lj, n Pj) r 
induces an isomorphism from Z^j/ to G x P Lj>/(Lj> fl Pj) r . Thus 
the projection map G Xp jt Lj>/(Ljr fl Pj) r — > -Xj/ )T induces a map 
d : Zj 5 j/ — > Xji )T . We will write c as cj^j> and d as dj^ji if necessary. 

Consider the diagram 

^J,r ^J,J' — > Aj/ iT . 

Define 

//, : 2V(X JjT ) - P G «r(X JST ), ef : 2? G ,(^, T ) - 2VpO )T ) 
by/y,(A) = rf ! c*(A),e J '(A') = c ! rf*(A'). 
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In the special case where Xj jCr = Zj^q and Xj/ CT = Zji^q (see 
example 3.6), the functors e\ and fj, are just the functors ej and fj, 
defined in |L3[ 6.1]. 

Proposition 5.2. Let J\ C J2 C J3 C / wi/i t(Lj.) = Lj. for i = 
1,2,3. IWjoe^e* andf*of£ = f£. 

Remark. 27ms proposition is a generalization of |L3| Lemma 6.2] . The 
proof below is similar to the proof in loc.cit. 

Proof. Consider the following commuting diagram 



J Ji,J 3 



o 



J J2,J 3 



X 



Jl,T 



X 



J 2 ,T 



Xj 3 , T 



where a is defined in the similar way as the map c in 5.1 and b is 
induced from the projection map G x Pj Lj 3 /(Lj 3 fl -PjJ T — > G x p 7 

/-./,(/-./.,••/'/, )' ; . 

Notice that the square o is Cartesian and cj 1( j 2 o a = cj lt j 3 and 



j 2, j 3 



ob = d 



Then 



3 S oe j2 = ( c JuJ2)\(dji,J2)*(cj2,jM d J2,J 3 y = (,c JuJa )mb* (dj 2>j3 ) 



(cji,Mdj ltJa y 



J3 



fj!°fj2 = ( d J2,Jz)\i. c J2MTi. d Ji,J2)\i.Cj 1 ,j 2 T = (dj 2 ,j 3 )\ka*(cj liJ2 ) 



eJi 



□ 



Proposition 5.3. We keep the notation of 5.1. Then 

(1) IfC G V^(X,j, tT ), then e J j'(C) G V%,{X J>T ). 

(2) IfC' G V^{X JiT ), then //,(C") G Vg.(Xj,, T ). 

Remark. The special case where X Jj(T = Zj^g and Xj/ )(7 = Zji ^ g 
was proved by Lusztig in |L3[ 6.7(b)] and |L3l 6.4]. 

Proof. (1) Define the action of B on G x {Lj, n Pj)/{Lj, n Pj) r 
by b ■ (g,l) = (gb-^irj.ifyl). Denote by G x B (Lj. H n Pj) T 

the quotient space. We also define G x B (Lji fl Pj)/(L j> fl £/p J ) T and 
G x b (Ljr R Pj) in the similar way. 

Consider the following commuting diagram 
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G Xb Lji I Lj, 




where Z x = G x B (Lj, n Pj)/{L JI n Pj) T , Z 2 = G x B {Lj, n Pj), 
Z 3 = G x B {Lji fl Pj) / (Lj/ n [/ p J ) r , /i (resp. k) is defined in the similar 
way as c (resp. d), f,j, s are the projection maps, t is an inclusion and 
t'((gU,lUj)T) = (gU,lUj,)T. 

It is easy to see that the squares (/, c, h, p'j) and (j, h, r, ij) are Carte- 
sian. Notice that we may identify Yj with (G/U x (Lj, H Pj)/Uj>)T 
in the natural way and the map i' is just the inclusion map under this 
identification. Thus the square (t,qjr,v,t') is also Cartesian. 

Notice that s is an affine space bundle map. Then 

hcj(e J j'(C)) = (qjWjOtjyad*(C) = (qj)m(f ° j)*d*(C) 
= (qj o r),s,s*(f o j)*d*(C)[2d](d) = v,{d ofojo s)* (C)[2d](d) 
= vi(p' Jf o ij, o t)*(C)[2d](d) = vd*{p'j, o ij,)*(C)[2d}(d) 
= (t'T(QJ'HPJ' oijO*(C)[2rf|(d) = (t')*h Cj ,(C)[2d}(d), 

where d = dim ((£// fl Upj) T ). 

By Proposition 4.8 hcj>(C) £ (Bceic(T) ^x^, 0"J')- Therefore, 
hcj(ef(C)) = (tyhcj,(C)[2d](d) E ® CeK{T) V^ x J L r(Yj). By Proposi- 
tion 4.8, ej"'(C) G V%,{X J>T ). 

(2) By 4.10, it suffices to prove that for any simple perverse sheaf 
^4 G V G * >C (G x B Lj/Uj) and A' e ^ xL .(lj) with = 
we have that fj,{p'j) { {A) e V c G l{X JI>T ). 

We use the above diagram. Then 

/jVj),(A) = <Wj)i(A) = d\f\h*(A) = (p'j^hh^A). 



Consider the following commuting diagram 
G x Lj/Uj G x (Lj, n Pj)/(Lj, n Pj) 



G x LjVL}, 



7T2 



7T 3 



Gx B Lj/L} ■< — G x B {Lj, n Pj)/(Lj, n Pj) T — *■ G x B Lj,/L}, 
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where 7Ti, 7^,773 are projections, hi = (id, it) is defined in 5.1 and k' : 
G x (L. r n Pj)/{Lj, n Pj) T = Gx (L^ n Pj)L},/L}, ^Gx Lj,/L}, is 
just the inclusion map. 

It is easy to see that all the squares in the diagram are Cartesian. 

Then -Klhh*{A) = k',7r*h*(A) = k[{h')*iil{A). By 4.11, 71? (A) = 
Aii where A\ is a simple perverse sheaf in T>g<?(G), that is equivariant 
for the right [/-action and has weight C for the right T-action and A2 
is a simple perverse sheaf in T>(Lj / L T j), that is equivariant for the left 
[/-action and has weight C~ l for the left T-action. Thus k'(h')*7rl(A) = 
A1EHA3, where A 3 G T>(Lj> / L T j,) is equivariant for the left [/-action, has 
weight C" 1 for the left T-action and is supported in [Lji nPj)Lj,/Lj,. 
By 4.11, f J j,(p'MA) G V&(Xj, tT ). □ 
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